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The pairwise entanglement is exactly examined in the spin-1/2 Ising-Heisenberg double-
tetrahedral chain with different Lande´ g-factors of the Ising and Heisenberg spins at zero and
finite temperatures. It is shown that the phenomenon present in quantum non-chiral ground
states is twice as strong as in quantum chiral ground states and that it gradually diminishes with
increasing temperature until it completely vanishes at a certain threshold temperature. It is also
demonstrated that the strong magnetic field maintains a weak thermal entanglement quite far
from the saturation field, although the ground state is non-entangled.
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1. Introduction
Quantum entanglement belongs to the most sought phenomena in modern science mainly due to
its extensive application potential, e.g. in quantum communication [1] or quantum biology [2].
In condensed-matter physics, this phenomenon provides a new perspective in understanding
collective features of quantum many-body systems [3]. Regarding to novel aspects of the quan-
tum entanglement, quantum spin chains are of particular interest, since they provide a suitable
playground for exact study of the phenomenon [4].
In this paper, we will examine the quantum entanglement in the frustrated spin-1/2 Ising-
Heisenberg double-tetrahedral chain with different Lande´ g-factors of the Ising and Heisenberg
spins. The model was originally proposed and resolved by V. Ohanyan et al. [5, 6], and recently
re-examined in context of the magnetocaloric effect [7]. Following the previous findings, the goal
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of this paper is to investigate how the spin chirality and the applied longitudinal magnetic field
affect on an intensity of the pairwise entanglement in the model at zero and finite temperatures.
2. Model and exact calculation of the concurrence
To be specific, we consider the frustrated spin-1/2 Ising-Heisenberg double-tetrahedral chain of
N single Ising spins (N → ∞), which regularly alternate with the XXZ-Heisenberg triangular
clusters (see Fig. 1 in Ref. [5] or [7]). The Hamiltonian of the model reads:
Hˆ =
N∑
i=1
[
JH
3∑
j=1
(
Sˆi,j · Sˆi,j+1
)
∆
+ JI
3∑
j=1
Sˆzi,j(σˆ
z
i + σˆ
z
i+1)− hH
3∑
j=1
Sˆzi,j − hI σˆ
z
i
]
. (1)
In above,
(
Sˆi,j · Sˆi,j+1
)
∆
= ∆(Sˆxi,j Sˆ
x
i,j+1 + Sˆ
y
i,jSˆ
y
i,j+1) + Sˆ
z
i,jSˆ
z
i,j+1, where ∆ is the exchange
anisotropy parameter, and σˆzi , Sˆ
α
i,j (α = x, y, z) are the spatial components of the spin-1/2
operators related to the Ising spin at the ith nodal lattice site and the Heisenberg spin at
the jth vertex of the adjacent (also ith) triangular cluster, respectively. For simplicity, the
periodic boundary conditions σˆzN+1 = σˆ
z
1 , Sˆ
α
i,4 = Sˆ
α
i,1 are assumed. The parameter JH labels the
anisotropic XXZ Heisenberg interaction between spins in triangular clusters, while JI marks the
Ising interaction between nodal spins and spins from adjacent triangular clusters. Finally, the
terms hX = gXµBh (X = H or I) distinguish an action of the longitudinal magnetic field h on
the Heisenberg and Ising spins, which generally have different gyromagnetic factors gH , gI (µB
is Bohr magneton).
As demonstrated in Refs. [5, 7], the considered quantum chain belongs to lattice-statistical
models with exact closed-form solution for the partition function and basic thermodynamic
quantities. Some of them, namely the sublattice magnetizationM2 =
1
3N 〈
∑3
j=1 Sˆ
z
i,j〉 and the pair
correlation functions C
(x,y)
SS = 〈Sˆ
x
i,j Sˆ
x
i,j+1〉 = 〈Sˆ
y
i,jSˆ
y
i,j+1〉, C
z
SS = 〈Sˆ
z
i,jSˆ
z
i,j+1〉, corresponding to
the Heisenberg spins (for more computational details we refer the reader to the original work [5]),
can be directly utilized for a rigorous calculation of the physical quantity called concurrence [8, 9]:
C = 2max

0, 2
∣∣∣C(x,y)SS ∣∣∣−
√(
1
4
+ CzSS
)2
−M22

 . (2)
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We note that the concurrence (2) represents feasible measure of pairwise quantum entanglement
of the Heisenberg spins from the same triangular claster at zero as well as finite temperatures.
3. Numerical results and discussion
In this section, we will discuss the quantum entanglement in the spin-1/2 Ising-Heisenberg tetra-
hedral chain with the easy-plane Heisenberg interaction (we set ∆ = 2 for simplicity) and the
antiferromagnetic Ising interaction JI > 0. According to the previous results [5, 6, 7], this par-
ticular version of the model exhibits the most intriguing quantum features. For simplicity, we
will consider the Lande´ g-factors gI = 6 and gH = 2 for the Ising and Heisenberg spins, which
coincide with real gyromagnetic ratios for Co2+ and Cu2+ ions, respectively.
A diversity of the quantum entanglement in the ground state of the considered chain is obvious
from Fig. 1, where its ground-state phase diagram in the JH/JI −h/JI plane supplemented with
a density plot of the quantity (2) in grey scale is depicted. Clearly, three different values of the
concurrence C may be observed in six diferent ground-state phases I, I′, II, II′, III, III′. In our
notation, the primed/unprimed phases are characterized by the parallel/antiparallel orientation
of the nodal Ising spins with respect to the magnetic field direction. The highest value C = 2/3,
which can be found in the phases I, I′ for the ferromagnetic Heisenberg coupling JH < 0 at the
magnetic fields 0.5+0.5JH/JI < h/JI < 0.5, 0.5 < h/JI < 0.5−0.5JH/JI , indicates the strongest
pairwise entanglement in the Heisenberg triangles. Both the phases are unique quantum ground
states, where the Heisenberg spins from each triangular cluster are in a symmetric quantum
superposition of three possible up-up-down spin states. On the other hand, C = 1/3 observed
in the phases III and III′ when JH > 0 and 0.5 − JH/JI < h/JI < 0.5 and/or 0.5 < h/JI <
0.5+JH/JI points to a half weaker quantum entanglement between any two Heisenberg spins from
the same triangular cluster due to two possible chiral degrees of freedom of each triangle. Finally,
the zero concurrence C = 0 indicates a non-entangled spin arrangement of the Heisenberg spins
in the remaining phases II, II′. Interestingly, C is zero also at each point of the phase boundary
III− III′ due to a higly non-trivial macroscopic degeneracy of the model. By contrast, the chain
remains partially entangled along all other ground-state boundaries, as confirmed by the finite
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Fig. 1: The ground-state phase diagram in the JH/JI − h/JI plane for JI > 0 and ∆ = 2 and
gI = 6, gH = 2 supplemented with a density plot of the concurrence C in grey scale.
value of the concurrence C = 1/3 observed along the boundaries I− I′, I− II, I′− II′ and C = 2/9
found along the boundaries II− III, II′− III′ (see Fig. 1). For more details on spin ordering and
degeneracies of the individual ground-state phases and phase boundaries see Refs. [5, 6, 7].
The effect of the temperature on pairwise entanglement in the model can be well understood
from Figs. 2 and 3, which display the grey-scale density plots of the concurrence C and the
threshold temperature kBTth/JI (red dashed lines) in the parameter planes JH/JI − kBT/JI
and h/JI − kBT/JI , respectively. The threshold temperature kBTth/JI has been numerically
obtained from Eq. (2) by setting C = 0. In both the figures, kBTth/JI unambiguously delimites
the quantum entanglement at finite temperatures and also in the asymptotic limit kBT/JI → 0.
In agreement with the ground-state analysis, kBTth/JI drops down to zero at the critical values
of JH/JI and h/JI , which correspond to the ground-state phase boundaries between quantum
and classical phases and the phase boundary III− III′. Moreover, the concurrence C observed in
the phases I, I′, III and/or III′ gradually declines with increasing temperature until it completely
vanishes at a certain threshold temperature. The stronger the Heisenberg interaction JH is,
the higher kBTth/JI can be observed, regardless of the sign of JH (see Fig. 2). In addition,
the pairwise entanglement of the Heisenberg spins may appear at finite temperatures even if the
ground state is non-entangled. This happends when the temperature increase supports a creation
of quantum excited spin states in the system. Consequently, two threshold temperatures can
be observed around the ground-state boundaries separating the entangled phase from the non-
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Fig. 2: Density plot of the concurrence C along with the threshold temperature kBTth/JI (red
dashed lines) in the JH/JI − kBT/JI plane for (a) h/JI = 0.25 and (b) h/JI = 0.75.
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Fig. 3: Density plot of the concurrence C along with the threshold temperature kBTth/JI (red
dashed lines) in the h/JI − kBT/JI plane for (a) JH/JI = −0.5 and (b) JH/JI = 0.25.
entagled one (see Figs. 2 and 3). It is noteworthy that above the saturation fields hs1/JI =
0.5 − 0.5JH/JI (JH < 0), hs2/JI = 0.5 + JH/JI (JH > 0), which correspond to the phase
transitions I′−II′, III′−II′, respectively, the lower threshold temperature monotonically increases
as the magnetic field is lifted from its saturation value, while the higher one remains constant
from a certain value h > hs1(2). Both the threshold temperatures merge quite far from saturation
fields (see Fig. 3). One can thus conclude that the strong magnetic field quite well maintains a
very weak pair entanglement in the studied chain at relatively high temperatures.
4. Summary
This work deals with the quantum pairwise entanglement in the exacty solvable frustrated spin-
1/2 Ising-Heisenberg double-tetrahedral chain with different Lande´ g-factors of the Ising and
Heisenberg spins. As has been shown, the phenomenon observed in ground states I, I′ with
the symmetric quantum superposition of three possible spin states of the Heisenberg trimers is
twice as strong as in the macroscopically degenerated chiral ground states III, III′. Generally, the
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quantum entanglement found in the quantum ground states (both the non-chiral and chiral ones)
gradually diminishes with the increasing temperature until it completely vanishes at a certain
threshold temperature. Moreover, the pairwise entanglement may emerge at finite temperatures,
although the ground state is non-entangled, and that the strong magnetic field maintains a weak
thermal entanglement quite far from the saturation field.
To conclude, the investigated spin-1/2 Ising-Heisenberg double-tetrahedral chain can be very
easily extended to planar system of various topologies, as it belongs to a class of bond-decorated
lattice-statistical models. Our future investigations will be focused in this direction.
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